We study numerically the specific heat of a model supercooled liquid confined in a spherical cavity with amorphous boundary conditions. We find that specific heat as a function of temperature exhibits a size-dependent peak. We perform a finite-size scaling of the data according to different theoretical scenarii. Best results are found for Random-First-Order-Transition-like parameters, with a finite transition temperature and two different length scales. Among glass-forming liquids, those so-called fragile are characterized by a relaxation time that increases faster than the Arrhenius law as temperature is lowered [1] . This super-Arrhenius behavior implies that the effective barrier to relaxation grows for lower temperatures, which leads to expect some kind of structural ordering on cooling. However, due to the elusive nature of the order that develops, and to the relatively modest increase of the relevant length scale, static structural correlations have been detected only recently [2-10], after more than a decade of study of dynamic correlations [11, 12] .
We study numerically the specific heat of a model supercooled liquid confined in a spherical cavity with amorphous boundary conditions. We find that specific heat as a function of temperature exhibits a size-dependent peak. We perform a finite-size scaling of the data according to different theoretical scenarii. Best results are found for Random-First-Order-Transition-like parameters, with a finite transition temperature and two different length scales. Among glass-forming liquids, those so-called fragile are characterized by a relaxation time that increases faster than the Arrhenius law as temperature is lowered [1] . This super-Arrhenius behavior implies that the effective barrier to relaxation grows for lower temperatures, which leads to expect some kind of structural ordering on cooling. However, due to the elusive nature of the order that develops, and to the relatively modest increase of the relevant length scale, static structural correlations have been detected only recently [2] [3] [4] [5] [6] [7] [8] [9] [10] , after more than a decade of study of dynamic correlations [11, 12] .
Perhaps the most general of the various techniques employed are the so called "order-agnostic" methods, i.e. those that do not make assumptions on the kind of order that grows (or put in another way, do not need knowledge of the order parameter). These include the patch correlation length [6, 13] , finite-size scaling (FSS) [14, 15] as well as point-to-set (P2S) [16] and related correlations. In practice, calculation of P2S correlations involves the study of confined systems, and in part for this reason in recent years a growing number of studies of liquids under various confined geometries have been reported, mainly cavities with amorphous boundary conditions (explained below) [2, 9, [17] [18] [19] [20] , "cavities" with an open direction (such as a sandwich) [20, 21] and systems with pinned particles [8, 20, 22] . These investigations have focused mostly on density correlations, from which a correlation length can be extracted.
Here, on the other hand, we report numerical results on the specific heat C V of a system confined under amorphous boundary conditions (ABCs). The present results therefore combine the ABCs and standard FSS approaches [23] . We find an anomalous peak as a function of temperature, which grows and moves to lower temperatures as the cavity is made larger, similarly to FSS in a second-order transition.
We study the soft-sphere binary mixture of ref. [24] at unit density, with size ratio 1.2, and a smooth cut-off (details as in ref. [2] ). To confine with ABCs we take a configuration from a system equilibrated with periodic boundary conditions (PBCs) at temperature T and create spherical cavity by introducing a hard wall. Inside particles are allowed to evolve using Swap MC [25] at the same temperature, while outside particles are held fixed in place. The cavity has the same density and composition as the bulk [2, 19, 26] . The specific heat is computed through energy fluctuations,
, where E is the energy of the whole box, Boltzmann's constant has been set to unity, and the overline means average over different realizations of the boundary conditions. We cannot compute C V as dE/dT , because the derivative and the average do not commute (in fact this expression gives just the bulk C V [26] ). We have used 8 to 40 samples per radius and temperature, with sample error ∆Cv Cv < ∼ 0.025. Fig. 1 shows the specific heat per mobile particle for ABCs at several cavity sizes, displaying a clear peak. We have looked for signs of a nucleating crystal phase that could produce such a peak by checking for suspicious energy jumps or fluctuations and by computing the orientational order parameter Q 6 . Q 6 measures local ordering of particles [27, 28] and a high value signals an onset of order that for a supercooled liquid is a precursor to crystallization. Indeed, some of the PBCs samples (required to build the cavity) showed high values of Q 6 (> 0.1); these samples were discarded. The cavities reported always showed Q 6 < 0.025 and Gaussian energy fluctuations, hence we rule out crystallization as the origin of the peak.
For classical liquids, C V is expected to be monotonically decreasing with temperature. It has been shown so for a large number of liquid models [29, 30] , even under some confinement [30] , and it also follows from the phonon theory of liquids [31] . In this sense, the peak observed here is an anomaly. It is seen to grow, sharpen somewhat and shift to lower temperatures as the cavity is made larger. It is quite asymmetric in shape, the decay from the peak being significantly more abrupt on the cold side than on the hot side.
The qualitative origin of this anomalous peak can be explained if we accept that the effect of the border penetrates into the cavity as far as a length-scale λ(T ), and that (within the liquid state) this penetration length increases for decreasing T [19] . For very large temperature the effect of the boundary on the cavity is weak, i.e. λ(T ) will be very small, hence the specific heat of the liquid inside the cavity will follow its bulk behavior, which in our case is well described by the Rozenfeld-Tarazona law
For very low T , on the other hand, the penetration length λ(T ) will be large compared to the cavity size R, so that the cavity will be completely frozen, with no residual thermal motion, giving C V ∼ 0. The crossover from an increase to constant gives rise to the peak. Notice we have assumed no particular theory, nor any divergence of λ(T ) here, only that a very small cavity (relative to λ) is completely stuck. Hence, the mere presence of this peak does not allow us to discriminate among theoretical frameworks. We need to be a bit more quantitative.
We must take into account two sides of our finite-size story: clearly, only at finite size we can have any effect of the ABCs border; however, the reverse is not true: we could have finite size effects with PBCs, and yet this would not produce any border effect. Hence we must try to include, but separate, both effects: that of the ABCs border and that of the finite size. We believe a reasonable way to do this is to write
The term R α/νc (y) is the border-free, FSS form of the specific heat, and it would be a safe bet in any finite-size system with periodic boundary conditions [32] . Through the scaling variable y ≡ R 1/ν (T − T c )/T c , the finite-size term contains all the information about the possible existence of a finite-temperature transition, T c , and about the correlation length ξ ∼ (T − T c ) −ν . Hence, the scaling functionc(y) is essentially a function of ξ/R. The position of the peak of C V is determined by the maximum of c(y), and the shift in temperature is due to the interplay between size R and correlation length ξ(T ) contained in the scaling variable y.
The second term on the r.h.s. of Eq. 1 takes care of the border: for very small λ/R the border function f ∼ 0 and the effect of the border is negligible (but not necessarily that of the finite size); on the other hand, for λ/R ∼ 1 we have f ∼ 1, the cavity is stuck and the specific heat is zero. Under certain assumptions, it is possible to explicitly calculate the border function f (λ/R) [19] . However, we do not need this information here. We only need to know that at the leading order border effects go like 1/R, hence the first term in the expansion of the border function is, f (λ/R) ∼ λ/R. This gives
It is crucial to understand that the growth of the C V peak may have two different contributions in Eq. 2, depending on the relative size of the bona fide correlation length, ξ, vs. the penetration length, λ. The standard reason for the growth of the peak is the R α/ν prefactor; hence, a nonzero exponent α is normally the only reason why the specific heat peak grows and eventually diverges in the bulk, R → ∞. In Eq. 2, though, another mechanism is at work: if the size R grows faster than λ, then the term in the bracket also produces a (moderate) growth of the peak, so that α = 0 is compatible with a non-diverging growth of the specific heat for T → T c . However, Eq. 2 is qualitatively different from standard FSS only if λ and ξ are two different length scales. If λ ∼ ξ (as one would expect e.g. in the Ising model) theñ c(y)(1 − λ/R) ≡ g(ξ/R) and standard FSS remains unchanged. In other words, if penetration and correlation are ruled by the same length scale, the effect of the border is a mere decoration of the scaling function.
Notice also that the scaling region around the peak is defined by a constant value of the scaling variable, y = y max , and in this region we thus have by construction ξ(T ) ∼ R. Hence, a growth of the peak for increasing R can only be obtained with α = 0 if λ ≪ ξ. On the contrary, if the two length scales are the same the only way to account for a growing peak is α = 0.
With this in mind, we now scale scale our finite-size data according to equation (2), namely we try to collapse the data by plotting,
The scaling with all four parameters T c , λ, ν, and α, free is as marginal as could be expected, hence, we will rather try to compare different theoretical scenarios, thus fixing some of these parameters.
Simplest liquid. In the simplest possible physical scenario we have no transition (T c = 0) and only one length scale, λ ∼ ξ. In this case we are scaling the data as C V R −α/ν vs R 1/ν T . As explained above we then need α = 0 to account for the growth of the peak. Moreover, it seems reasonable to assume that the standard RG scaling relation (Josephson scaling) νd = 2 − α [33] holds in this simplest case. We are therefore left with just one parameter, α, to scale our data. The result is quite bad and no reasonable collapse is obtained for any value of α (collapse not shown).
Not-so-simple liquid. What really seems to resist the scaling of the data in the simplest case is the assumption T c = 0. We therefore relax this hypothesis, hence assuming that a standard phase transition exists at a finite temperature. By standard here we mean that we still have just one length scale, so that λ ∼ ξ, and normal FSS applies. One such case is that invoked by Tanaka et al. [5] , with Ising-like critical exponents (which thus satisfy the relation νd = 2 − α). This proposal does not achieve a reasonable collapse, irrespective of the value of T c (Fig. 2a) . Fernández et al. [14] have studied the specific heat of our same system under periodic boundary conditions and seemed to find a divergence at temperature T c = 0.195, with α = 0.9. With these values, however, we fail to obtain a collapse (violating Josephson scaling does not help much either). If, finally, we leave both α and ν free and at the same time we leave T c free, we also fail to get a reasonable collapse (see Fig. 2b ). In particular, it seems to be very hard to scale the data equally well on both sides of the maximum (i.e. of the bulk transition), with the same set of exponents.
Mosaic liquid. We have tried all we could with just one length scale, hence we now relax this condition and assume that the penetration length, λ, and correlation length, ξ, grow differently. The increase of the peak for increasing R implies that λ ≪ ξ. This is the only case in which ABCs really have some nontrivial qualitative effect, because this is the only way in which we can achieve a growth of the peak with α = 0: in this case, the specific heat has a kink in the bulk limit, rather than a divergence. This is exactly what is supposed to happen in the random first-order theory (RFOT), as well as in some mean-field spin-glass models, in particular the p-spin model [17, [34] [35] [36] . The RFOT transition is first order in the sense that it has a discontinuous order parameter, but second order in the Ehrenfest sense [35, 36] . Quite generally α = 0 in RFOT, as a consequence of the fact that the configurational entropy vanishes at T c , giving a discontinuity of the derivative of the total entropy at the transition [35] [36] [37] .
In a nutshell, RFOT states that the supercooled liquid state is a mosaic of exponentially many metastable states, of the same free energy and indistinguishable from the structural point of view. Confinement makes it possible to detect the presence of these states by favoring (lowering the free energy) of one of them. There is then a crossover, controlled by the confinement size, from a single state at high confinement (small cavities) to many states (the liquid) at low confinement. The crossover turns into a true transition in pinned systems, where the thermodynamic limit may be taken at fixed confinement [22, 38, 39] . Finally, there is numerical evidence that within the RFOT scenario indeed penetration and correlation length are different things and that λ ≪ ξ [21] .
To perform the λ = ξ scaling we need to plot
, hence we need in principle to know the function λ(T ). Even though there have been some numerical determinations of the penetration length, it is hard to have a reliable extrapolation of it in the whole temperature interval under examination. However, given that the only conceptual point here is that λ does not increase like R in the scaling region, we keep a minimalist approach and assume that λ is just a constant.
According to some RFOT versions [40] the correlation length exponent is ν = 2/d (corresponding to a stiffness exponent θ = d/2). As Fig. 2c shows, the RFOT scaling with ν = 2/3 and α = 0 is better than the previous cases, but still falls short of providing a good collapse of the data. On the other hand, using ν = 1 (corresponding to a stiffness exponent θ = d − 1 [21] ) and α = 0, does a rather better job (Fig. 2d) and it indeed is the best possible scaling of our data given equation (2) and three free parameters. If we now perform a somewhat more refined fit, by setting λ(T ) = λ L for T > T c , and λ(T ) = λ G below the transition temperature, we get a decent collapse (Fig. 3) . It seems that the T -dependence of λ is not as mild as to be approximated by a constant after all, and we need at least two values to collapse both branches (with, incidentally, λ G < λ L ). In summary, our attempts to collapse the specific heat data of a cavity under amorphous boundary conditions are not compatible with a standard finite size scaling phenomenon ruled by a single correlation length, ξ, and a nonzero exponent α. On the other hand, we obtain better scaling results if we set α = 0 and let the second length scale, λ, take care of the increase of the specific heat peak through the λ/R surface term. This λ is clearly temperature dependent, but here we have simplified this dependence by using just two values (one above and another below T c ). This scenario corresponds to a jump (rather than a divergence) of the specific heat at a finite temperature T c , a phenomenology compatible with a RFOT description of the supercooled phase (see e.g. the specific heat plots in refs. 35 and 36) . Within RFOT, we find that ν = 1 does a significantly better job than ν = d/2, suggesting that the stiffness exponent is not too far from θ = d − 1.
We finally emphasize that in all cases, our collapse attempts yield a finite T c , of around 0.17-0.19. A finite value for T c means that the peak survives the thermodynamic limit. Since in this limit observables must be independent of the boundary conditions (unless there is phase coexistence), this result implies the existence of an anomaly or phase transition in the R → ∞ limit, independently of the particular boundary conditions we have employed. This seems a strong support for thermodynamic theories of the glass transition.
